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Abstract
We use Dirac operator techniques to establish a sharp lower bound
for the first eigenvalue of the twisted Dolbeault Laplacian on holomor-
phic line bundles over compact Ka¨hler manifolds.
2000 MSC: 58C40; 32L07; 58J50
Keywords: Twisted Dolbeault Laplacian; Hermitian-Einstein con-
nections; holomorphic vector bundles.
1 Introduction
Let M be a compact Ka¨hler manifold of complex dimension n, and let
E → M be a holomorphic line bundle over M . Given a connection ∇A on
E, one has the decomposition:
∇A = ∂A + ∂¯A . (1)
The connection ∇A is said to be compatible with the holomorphic structure
on E if ∂¯A∂¯A = 0; this is equivalent to requiring that the (0, 2)-component
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fo the curvature 2-form FA vanishes. The choice of a compatible connection
∇A on E induces a Hermitian metric on E.
If we denote the space of sections Γ(E⊗∧p,qM) by Ωp,q(E), then ∂A and
∂¯A are first order differential operators acting as follows (p, q = 0, . . . , n)
∂A : Ω
p,q(E)→ Ωp+1,q(E)
∂¯A : Ω
p,q(E)→ Ωp,q+1(E) (2)
Using the Hermitian structure induced on E and the metric of M , we can
define their formal adjoints
∂∗A : Ω
p,q(E)→ Ωp−1,q(E)
∂¯∗A : Ω
p,q(E)→ Ωp,q−1(E) . (3)
These operators define a natural, second order differential operator on
Ω•(E) = ⊕p,qΩp,q(E), the so-called twisted Dolbeault Laplacian:
∆∂¯A = ∂¯A∂¯
∗
A + ∂¯
∗
A∂¯A . (4)
Restricted to Ω0(E), the twisted Dolbeault Laplacian simplifies to ∂¯∗A∂¯A.
This is the operator we shall concentrate on; from now on, we will denote it
by ∆A. Notice that its kernel consists exactly of the holomorphic sections
of E.
Finally, recall that a holomorphic line bundle E is said to be negative if
its first Chern class c1(E) can be represented as a closed (1, 1)-form
i
2π
n∑
k,l=1
ϕkl(p)dz
k ∧ dzl
such that the n×n matrix [ϕkl(p)] is negative definite for every p ∈M (see
[7]). Furthermore, the degree of E →M is defined as follows:
deg(E) =
∫
M
c1(E) ∧ ωn−1 ,
where ω is the Ka¨hler form. It is not difficult to see that if E is a negative
line bundle, then deg(E) < 0.
Now, it follows from the Kodaira vanishing theorem is that if E is a
negative line bundle, then, for any compatible connection ∇A on E, the
twisted Dolbeault Laplacian ∆A has trivial kernel (see [7]).
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Therefore, it is natural to pose the following problem. Let A(E) be
the set of all compatible connections on a negative holomorphic line bundle
E →M . Consider the following functional
λ : A(E)→ R+
∇A 7→ λ1(∆A)
that associates to each connection ∇A ∈ A(E) the value of the first nonzero
eigenvalue of the associated twisted Dolbeault Laplacian ∆A. One would like
to determine a lower bound for this functional, whether this lower bound is
attained, and the characterization of its minima.
The goal of this paper is to provide the following solution to the problem
just described. As usual, Λα denotes contraction of a (p, q)-form α by the
Ka¨hler form of M . Recall that a connection ∇A is said to be Hermitian-
Einstein if the function iΛFA is constant.
Main Theorem. Let M be a compact Ka¨hler manifold of complex dimen-
sion n, and let E →M be a holomorphic line bundle. If ∇A is a compatible
connection on E, then the eigenvalues of the twisted Dolbeault Laplacian ∆A
on sections of E satisfies
λ ≥ − n
2n− 1F0 (5)
where F0 is the maximum of the function iΛFA.
Furthermore, if ψ is an eigensection of ∆A whose eigenvalue satisfies the
equality, then iΛFA is equal to the constant
c =
2π deg(E)
(n − 1)! vol(M) (6)
and ψ is in the kernel of the twistor operator. In particular, the connection
∇A is the unique, up to gauge, Hermitian-Einstein connection on E.
Clearly, the estimate is meaningfull only when the function iΛFA is
strictly negative. For instance, if E is a negative line bundle, then there
exists a compatible connection ∇A which satisfies this condition.
Notice that every holomorphic line bundle on a Kh¨ler manifoldM admits
a compatible connection ∇C which is unique up to gauge transformations
and such that the function iΛFC is constant [3, p. 214]; such constant is
fixed by Chern–Weil theory to be exactly c as in (6), see [3, 7].
In other words, the functional λ is bounded below by −nc/(2n − 1),
and if this lower bound is attained by a connection ∇A, then ∇A must be
gauge equivalent to the Hermitian-Einstein connection on E. In particular,
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it follows from the discussion in [5] that our estimate is sharp on every
negative line bundle over a Riemann surface.
On the other hand it seems reasonable to ask whether the converse to
the second part of our Main Theorem holds: if ∇C is the Hermitian-Einstein
connection on E, then the smallest eigenvalue of ∆C is exactly −nc/(2n−1).
Based on previous work by Almorox–Prieto, the authors provided in [5] a
positive answer to this question for M having dimension 1, and one can
construct examples of higher dimensional manifolds for which this converse
statement is true. It would also be interesting to see whether this is also
true for arbitrary higher dimensional Ka¨hler manifolds.
Finally, our Theorem has an important consequence for the spectrum
of the twisted complex Dirac operators on Riemann surfaces (case n = 1),
providing another example of the phenomenum discussed in [6].
Corollary. Let M be a Riemann surface, and let E → M be a holomor-
phic line bundle. If ∇A is a compatible connection on E, then the nonzero
eigenvalues µ of the twisted complex Dirac operator DA satisfy
µ ≥
√
−2F0 . (7)
where F0 is the maximum of the function iΛFA.
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2 Relation between the Dirac operator and the
Dolbeault Laplacian
The main component of the proof is the relation between the twisted com-
plex Dirac operator and the twisted Dolbeault Laplacian on complex mani-
folds. Recall that every complex manifold is endowed with a canonical SpinC
structure associated to the complex structure. This structure comes with a
complex Hermitian line bundle over M , called its determinant bundle. For
the canonical SpinC structure this bundle is just the canonical bundle of M ,
that is, ∧0,n(M), where n is the complex dimension of M . Furthermore,
the spinor bundle associated to this canonical structure, denoted SC, can be
identified with the bundle of holomorphic forms, i.e.
SC ≃ ∧0,∗(M), (8)
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see [9]. In this identification, the Clifford action on spinors can be explicitly
given by
ξk · ψ =
√
2ξkyψ =
ξ¯k · ψ =
√
2ξ¯k ∧ ψ,
(9)
where ψ ∈ Γ(SC), and {ξk, ξ¯k} is a unitary basis for T ∗M ⊗ C.
If E → M is a holomorphic vector bundle, endowed with a compatible
connection ∇A, we can consider the twisted spinor bundle SC⊗E. Because
SC can be identified with ∧0,∗(M) the twisted spinor bundle can be identified
with holomorphic forms with values in E, in other words,
Γ (SC ⊗E) ≃ Γ
(∧0,∗(M)⊗ E) = Ω0,∗(E) (10)
The twisted spinor bundle has a natural structure of a Clifford module, with
the Clifford action defined by
α · (ψ ⊗ s) = (α · ψ)⊗ s (11)
where ψ ∈ Γ(SC), s ∈ Γ(E) and α ∈ Cℓ(T ∗(M)).
Using the connection ∇Aon E, we can define the tensor product connec-
tion
∇A˜ = ∇SC ⊗ I+ I⊗∇A (12)
on SC⊗E. With this connection, and the natural module structure induced
by the structure of SC, we define the twisted complex Dirac operator DA in
the usual manner. With the identification between Γ(SC ⊗E) and Ω0,∗(E),
the complex twisted Dirac operator can be described in terms of the Cauchy
operators of E, that is
DA =
√
2
(
∂¯A + ∂¯
∗
A
)
, (13)
which immediately gives the relation with the Dolbeault Laplacian
∆∂¯A = ∂¯A∂¯
∗
A + ∂¯
∗
A∂¯A =
1
2
D2A. (14)
Here, ∆∂¯A and D
2
A should be regarded as operators ⊕pΩ0,p(E)→ ⊕pΩ0,p(E)
which preserve the degree.
3 Proof of the Main Theorem
The idea of the proof is to use the Weitzenbo¨ck formula for DA and the
twistor equation to obtain the estimate. Recall that the Weitzenbo¨ck for-
mula for the twisted Dirac operator can be written as
D2A = ∇∗A˜∇A˜ +
1
4
R+
1
2
ΩSC + FA (15)
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where ∇∗
A˜
∇A˜ is the trace Laplacian associated to the connection ∇A˜ on
SC ⊗ E, R is the scalar curvature of M , FA is the curvature 2-form of ∇A
and ΩSC is the curvature 2-form for some connection on the determinant
bundle of the SpinC structure (cf. [8]).
In principle, the connection on the determinant bundle of the SpinC
structure can be an arbitrary hermitian connection, but if we are dealing
with the canonical SpinC structure, associated to the complex structure of
M , then the determinant bundle, in the above identification for SC, is ∧0,nM
and the Chern connection of M induces a canonical connection.
We are assuming that the connection ∇A is compatible both with the
Hermitian and holomorphic structures on E, and that the connection in-
duced on ∧0,nM is constructed with these properties. So both curvature 2-
forms, ΩSC and FA, are of type (1, 1). By [5, Proposition 1], we know that the
action of a (1, 1)-form α on sections of E, which can be naturally identified
with Ω0,0E ⊂ SC ⊗ E, is given by
α · ψ = −i(Λα)ψ, (16)
see [5, Proposition 1]. Such characterization enables us to rewrite the
Weitzenbo¨ck formula for elements of Ω0,0(E) as
D2A|Ω0(E) = 2∂¯∗A∂¯A = ∇∗A˜∇A˜ +
1
4
R− i
2
ΛΩSC − iΛFA (17)
To simplify the above formula, we need the folowing (see [5, Proposition 2]):
Proposition 1. Let M be a Ka¨hler manifold and consider on the anti-
canonical line bundle, K−1M = ∧0,nM , the connection induced by the Chern
connection of M . Let ΩSC be the curvature 2-form of this connection, then
we have
iΛΩSC =
R
2
(18)
where R is the Riemannian scalar curvature of M .
Thus considering the connection on ∧0,nM induced by the Chern connec-
tion of M reduces the above Weitzenbo¨ck formula to
D2A = 2∂¯
∗
A∂¯A = ∇∗A˜∇A˜ − iΛFA, (19)
which in turns can be simplified to
∂¯∗A∂¯A =
1
2
∇∗
A˜
∇A˜ −
i
2
ΛFA. (20)
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The twistor operator is given by
TA =
m∑
k=1
ek ⊗
(
∇A˜,k +
1
2n
ek ·DA
)
, (21)
where ∇A˜,k is the covariant derivative in the direction ek with respect to
the product connection ∇A˜ = ∇SC ⊗ I+ I⊗∇A on SC ⊗ E. It is a classical
fact, see [2], that the twistor operator and the twisted Dirac operator can
be related as
T ∗ATA = ∇∗A˜∇A˜ −
1
2n
D2A . (22)
Now suppose that we have an eigensection ψ ∈ Ω0,0(E) of ∂¯∗A∂¯A, then
using the Weitzenbo¨ck formula (20) and taking the inner product with ψ we
obtain
λ || ψ ||2= 1
2
|| ∇A˜ψ ||2 −
1
2
∫
M
(iΛFA)〈ψ | ψ〉 (23)
Letting F0 be the maximum value of the function iΛFA, the last integral
can be estimated by
− 1
2
∫
M
(iΛFA) | ψ |2≥ −1
2
F0 || ψ ||2 . (24)
Therefore we have
λ || ψ ||2≥ 1
2
|| ∇A˜ψ ||2 −
1
2
F0 || ψ ||2 . (25)
Now enters the relation between the twisted Dolbeault Laplacian and the
twisted complex Dirac operator: if ∂¯∗A∂¯Aψ = λψ then we have D
2
Aψ = 2λψ,
hence the equation relating the twistor operator and the Dirac operator,
after taking the inner product with ψ, yields
|| TAψ ||2=|| ∇A˜ψ ||2 −
λ
n
|| ψ ||2, (26)
which implies that
|| ∇A˜ψ ||2≥
1
n
λ || ψ ||2 . (27)
Using it in equation (25) we obtain
λ ≥ − n
2n− 1F0 (28)
as desired.
Finally, remark that equality is attained if and only if the following two
conditions hold:
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• iΛFA is constant, i.e. ∇A is Hermitian-Einstein;
• there exists an eigensection ψ of the twisted Doulbeault Laplacian ∆A
such that ψ ∈ ker TA.
The first condition is a consequence of equations (24) and (25), while the
second follows from (26) and (27).
The second fact requires a delicate analysis (compare with the untwisted
case, [4]). Notice however that ψ ∈ ker TA if and only if
∇∗
A˜
∇A˜ψ =
1
n
λψ (29)
i.e. the ψ is a common eigensection of trace Laplacian ∇∗
A˜
∇A˜ and Dolbeault
Laplacian ∆A.
Finally, the Corollary follows easily from the Main Theorem and the
following statement, proved in [5]. Identifying SC ⊗ E ≃ Ω0,∗(E), consider
the projection operator p0 : Ω
0,∗(E)→ Ω0(E).
Lemma 1. If ψ be an eigenstate of DA, with non-null eigenvalue µ, on a
Riemann surface Σ, then we have
p0ψ = ψ0 6= 0 (30)
Furthermore, if µ is a nonzero eigenvalue of DA, then
1
2µ
2 is an eigenvalue
of ∂¯∗A∂¯A.
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